The reachability of standard and fractional-order continuous-time systems with constant inputs is addressed. Positive and non-positive continuous-time linear systems are considered. Necessary and sufficient conditions for the existence of such constant inputs that steers the system from zero initial conditions to the given final state in desired time are derived and proved. As an example of such systems the electrical circuits with DC voltage sources are presented.
In this paper the problem of existence of constant inputs vector that steers the system from zero initial conditions to the given final state in desired time t f will be considered. The following classes of systems will be addressed: standard (non-positive) and positive ordinary-order and fractional-order continuous-time systems.
To the best knowledge of the author reachability of fractional and positive fractional continuous-time systems when the input is a constant function has not been considered yet.
The structure of the paper is following. In section 2 the reachability of standard continuous-time systems with constant inputs is considered. Necessary and sufficient conditions for the existence of constant input that steers the systems from zero initial conditions to the given final states are given. Similar problem will be solved for fractional systems in section 3. In section 4 the reachability of positive standard and positive fractional-order systems with constant inputs is adressed. Concluding remarks are given in section 5. The considerations are illustrated by examples of electrical circuits with DC voltage sources.
The following notation will be used. R is the set of real numbers, R n×m -the set of n × m matrices with real entries. R n×m + -the set of n × m matrices with real nonnegative entries and R n + = R n×1 + . The set of n×n Metzler matrices (real matrices with nonnegative off-diagonal entries) will be denoted by M n and the identity matrix of size n by I n .
Reachability of standard continuous-time linear systems with constant inputs
Let us consider the standard continuous-time system described by the state equation [8, 17] dx(t) dt
where x(t) ∈ R n is the state vector, u(t) ∈ R m is the input vector of the system for t 0 and matrices A ∈ R n×n , B ∈ R n×m . The solution to the state equation (1) with initial condition x 0 = x(0) ∈ R n and input vector u(t) ∈ R m for t 0 is given by [8, 17] 
Now, we will consider the continuous-time system (1) with constant inputs vector U, i.e. u(t) = U ∈ R m for t 0.
Definition 
Let us assume that detA ̸ = 0. Then the following theorem holds. 
has n linearly independent columns, i.e.
Proof Substituting (3) into (2) for zero initial conditions and t = t f > 0 we obtain
since [9] t f
The equation (6) has a solution U for arbitrary final state x f ∈ R n if and only if the matrix R c satisfies the condition (5).
The constant input that steers the system (1) from zero initial state to the final state x f in time t ∈ [0,t f ] is given by the formula
where R + c ∈ R m×n is the right pseudoinverse of the rectangular matrix R C given by one of the following formulae [6, 9] 
Example 1 Consider the electrical circuit shown in Fig. 1 with given resistances R 1 = 0.1Ω, R 2 = 1Ω, R 3 = 2Ω, inductance L = 0.5H and capacitance C = 0.1F. Using Kirchhoff's laws we may formulate the state equations (1) of the circuit shown in Fig. 1 d dt where
We will show that the electrical circuit described by the equation (9a) with matrices (9b) and (9c) is reachable for constant inputs U =
] T in time t f = 5s. Using Theorem 1 we have
and the condition (5) is met, since
Therefore, there exists constant input vector U that steers the circuit from zero
] T to the arbitrary given final state
Then the constant inputs can be computed using (7) and (8a) with
The state variables of the electrical circuit shown in Fig. 1 with constant inputs (12) are shown in Fig. 2 . 
Reachability of fractional continuous-time systems with constant inputs
Let us consider the fractional continuous-time system described by the state equation [13, 16] 
where x(t) ∈ R n is the state vector, u(t) ∈ R m is the input vector of the system for t 0, matrices A ∈ R n×n , B ∈ R n×m and
is the α-order (α ∈ R) fractional derivative described by the Caputo operator, where N − 1 α < N, N ∈ N and Γ(x) is the Euler gamma function. The solution to the state equation (13) with initial condition x 0 = x(0) ∈ R n and input vector u(t) ∈ R m for t 0 is given by [13, 16] 
where
and E α (x), E α,β (x) are the one and two parameters Mittag-Leffler functions, respectively [13, 16] . Now we define the notion of reachability of the system described by the state equation (13) for constant inputs (3). 
Proof Substituting (3) and (16b) into (15) for zero initial conditions and t = t f > 0 we obtain
since from the properties of the gamma function we have
From (19) it follows that the equation
has a solution U for given final state x f and given final time t f > 0 if and only if the condition (18) is satisfied.
The constant input that steers the system (13) from zero initial state to the final state x f in time t ∈ [0,t f ] is given by the formula
where R + f ∈ R m×n is the right pseudoinverse of the rectangular matrix R f given by one of the following equalities [6, 9] 
From Theorems 1 and 2 we have the following corollary.
Corollary 1 The system (1) (or (13)) is unreachable for constant inputs if the number of inputs is less than the number of state variables, i.e. m < n.
Example 2 Consider the electrical circuit from Example 1 shown in Fig. 1 with α = 0.8. Using Kirchhoff's laws for the fractional electrical circuit shown in Fig. 1 , it can be easily shown, that the state equation of this circuit has the form
with the matrices given by (9b) and (9c). We will show that the fractional electrical circuit is reachable for constant input
] T in time t f = 5s. Using Theorem 2 we have (18) is met, since
Then the constant inputs can be computed using (21) and (22a) with 
Theorem 4 The standard positive continuous-time system (1) is reachable for constant inputs in time t f > 0 if and only if the matrix A is diagonal and B is monomial.
Proof From (7) it follows that U ∈ R m + if and only if R + c ∈ R m×n + , since x f ∈ R n + . It is easy to show that the right pseudoinverse has all nonnegative elements if and only if the matrix R c has n monomial rows.
From (4), for monomial matrix B, we obtain the necessity of monomiality of the matrix A −1
The matrix (28) is monomial if and only if the matrix A is diagonal. Moreover the matrix has all nonnegative elements for arbitrary diagonal entries of matrix A = diag (a 11 , a 22 , . . . , a nn ) , since
is nonnegative diagonal matrix for arbitrary a 11 , a 22 , . . . , a nn .
Theorem 5 The fractional positive continuous-time system (13) is reachable for constant inputs in time t f > 0 if and only if the matrix A is diagonal and B is monomial.
The proof of this theorem is similar to the proof of Theorem 4.
Corollary 2 Note that the conditions for reachability for constant inputs of positive standard and fractional systems are the same as for the reachability for arbitrary (nonconstant) continuous-time inputs (see [16] ).
Example 3 Consider the electrical circuit shown in Fig. 4 with given resistances Using Kirchhoffs laws we may formulate the state equations (1) of the circuit shown in Fig. 4 d dt
By Theorem 3, the electrical circuit described by the state equation (30a) with matrices (30b) is positive.
We will show that this electrical circuit is reachable for constant inputs vector
] T in time t f = 3s. The conditions of Theorem 4 are met. The matrix
has n monomial rows. Therefore, there exists constant input vector U that steers the circuit from zero initial conditions
5A. Then the constant nonnegative inputs vector can be computed using (7)
The state variables of the electrical circuit shown in Fig. 4 with constant inputs (32) are shown in Fig. 5 . Example 4 Consider the fractional electrical circuit from Example 3 shown in Fig. 4 with α = 0.8. Using Kirchhoff's laws for the fractional electrical circuit we may write the state equation
with the matrices given by (30b). We will show that the fractional electrical circuit is reachable for constant input
From Theorem 5 follows that the fractional circuit is reachable for constant inputs, since the matrix A is diagonal matrix and B is monomial.
Using (17) we have
and the matrix R f has two monomial rows. Therefore, there exists nonnegative constant input vector U that steers the fractional electrical circuit from zero initial conditions
5A. Then the nonnegative constant inputs can be computed using (21) and (22a) with 
The state variables of the fractional electrical circuit shown in Fig. 4 with constant voltage sources (35) are shown in Fig. 6 . 
Concluding remarks
The reachability of standard (ordinary-order) and fractional-order systems with constant inputs has been considered. Necessary and sufficient conditions for non-positive and positive continuous-time systems have been established (Theorem 1-5) . It has been shown that the conditions for reachability of nonpositive and positive fractional-order systems for constant inputs and arbitrary (nonconstant) inputs are the same (Corollary 2). The considerations are illustrated by examples of electrical circuits with DC voltage sources.
